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Problem 2.52 The scattering matrix. The theory of scattering generalizes in
a pretty obvious way to arbitrary localized potentials (Figure 2.22). To the left
(Region I), V(x) =0, so

1

Y(x) = Ae™ + Be™™** | where k = [2.173]

To the right (Region III), V (x) is again zero, so
V(x) = Fe** + Ge . [2.174]

In between (Region II), of course, I can’t tell you what v is until you specify the
potential, but because the Schrodinger equation is a linear, second-order differential
equation, the general solution has got to be of the form

¥ (x) = Cf(x) + Dg(x),

where f(x) and g(x) are two linearly independent particular solutions.*® There
will be four boundary conditions (two joining Regions I and II, and two joining

Aekx V(x) Fekx
—_— —
- ey

Be—th Ge—lkx

P -
T \/ X
Region | Region il Region {ll

FIGURE 2.22: Scattering from an arbitrary localized potential (V(x) = 0 except in
Region II); Problem 2.52.

Regions II and III). Two of these can be used to eliminate C and D, and the other
two can be “solved” for B and F in terms of A and G:

B =S811A+ 812G, F =514+ »G.

The four coefficients S;;, which depend on & (and hence on E), constitute a 2 x 2
matrix S, called the scattering matrix (or S-matrix, for short). The S-matrix tells
you the outgoing amplitudes (B and F) in terms of the incoming amplitudes (A

and G):
BY (S Si2 A
(F ) - (521 522) (G) [2.175]

In the typical case of scattering from the left, G = 0, so the reflection and trans-
mission coefficients are

|B|* |F[?

R = o =S}, T = T =Sl [2.176]

[A1* [0 lAI* g0

For scattering from the right, A = 0, and

= s o= BP spp pam

1G] 40 IG1* 1 4=0
{a) Construct the S-matrix for scattering from a delta-function well (Equa-

tion 2.114).

(b) Construct the S-matrix for the finite square well (Equation 2.145). Hint: This
requires no new work, if you carefully exploit the symmetry of the problem.
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Problem A.1 Consider the ordinary vectors in 3 dimensions (ax7 + ayj + azk),
with complex components, -

(a) Does the subset of all vectors with g, = 0 constitute a vector space? If so,
what is its dimension; if not, why not?

{b} What about the subset of all vectors whose z component is 1?7 Hint: Would
the sum of two such vectors be in the subset? How about the null vector?

{c) What about the subset of vectors whose components are all equal?

o\,) }\J.m)\c.. MngLM [*M\L K-a ?[_M\

A

s
b) )E [ tovaidey tre swda W_QLWJ ~ = m,'f“&—aa‘a + K
CL (‘t-&..;’)\.yqaq +-],_ e bdad) ‘*l-bépLLm '

f'a = C&‘+Q:)T +—Caﬁ+a§3a + Ak

f

Ty

DL‘Q oka‘; g‘\_ﬁ (_nwol-m\.éu..[z\ﬁ\ufq, Uﬁr.i"ﬂs‘pgcx.
‘-)!3,»' T, = aT +ad +al t Tr 67 +sﬁ+bi?
. ) k]

EH’-‘L: Ci‘;g)? i—(a;b)i ?-(:»/?H?
i |
WM ara o s+04 4,7‘)4-.,( v

dimemslon W |Sna l (o Stomsghot Lime)



dan.reisenfeld
Rectangle

dan.reisenfeld
Typewritten Text
#4

dan.reisenfeld
Typewritten Text

dan.reisenfeld
Typewritten Text

dan.reisenfeld
Rectangle


%P“w;s Hel J to & ( ! Soledans 11

#5 +Problem A.2 Consider the collection of all polynomials (with complex coeffi-
cients) of degree less than N in x. -

{a) Does this set constitute a vector space (with the polynomials as “vectors’)?
If so, suggest a convenient basis, and give the dimension of the space. If not,
which of the defining properties does it lack?

(b) What if we require that the polynomials be even functions?

(c) What if we require that the Jeading coefficient (i.e., the number multiplying
xN=1y be 17

(d) What if we require that the polynomials have the value 0 at x = 17

P

What if we require that the polynomials have the value 1 at x = 0?

—
L)
—

o
A

P

I

Ea,)-am,s to contemiant  Lsis D (\ix, X‘f-‘.)xﬁ"% o Msﬂ@
' ""L‘d? Uonsbin Yo “vechsn

__C‘: oy F G, X i—a,iy“L.w.\.a,n_th"
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#Problem A.4 Suppose you start out with a basis (je1), [e2), ..., |e,)) that is not
orthonormal. The Gram-Schmidt procedure is a systematic ritual for ggnerating
from it an orthonormal basis (|e}}, le3}, ... , le,)). It goes like this:

(i} Normalize the first basis vector (divide by its norm):

_ le)
) = e

{(ii} Find the projection of the second vector along the first, and subtract it off:
lea) — {e}lea}le]).
This vector is orthogonal to Ie’]); normalize it to get |€'2)-
(iii) Subtract from |e3} its projections along Ie’l) and Ie’z):
le3} — {e1les)ie) — (ezlesdler).

This is orthogonal to |¢}} and |e,); normalize it to get |e3). And so on.

Use the Gram-Schmidt procedure to orthonormalize the 3-space basis |e}) =
(1 -+ + (1)f + Dk, lea} = () + (3)] + (Dk, les) = O} + (28)] + (O)k.

) <eles= lrrilm = 1 #1007
= Crai-1) +1 ¥ (OGO

= ) -l ¥ +L =y

—>

-

-—

= lleli=ig =2

le/> = AYERTAY " -':Lj +

T

id'lf—h

=,

() <ellesy = ey i+ ()

2 1(erirni) =2
le, >z le,> ~ e teg> jefv = @-l-;)? #(A-1)] + ((-i)E
= (-0O)7T \-(ﬂi‘ + (- €

Lellel>= | +9 + Qeae-t) = 5 +2 =%

Lt»e,_s - £ (-t 2] +(t-f5‘?)(
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(L) <Zefiesy = e = 1y
<elle;»= \}117.3 = /3
1€,75>F ley> —<Le e,y le/> = <e, le>tel>
= 223 - :'I-(Lnt)i“ Yy 4 E‘)—- g (-7 = +(H)C\
2(=F -3 +)T (28 =3 -te)F + (-3 -3 FIDKE
- = ((-F)T+53F + (-1 e)0

L7 > = | +4q +25 +eq +] =!¥0

te;B = Qf_;s.[(t-?z)‘t + sy + (-3 H)E]Z
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#Problem A.8 Given the following two matrices:

-1 1 i 2 0 —i
A=} 2 0 3|, B=J0 1 0O},
2 =2 2 i3 2

compute: (a) A+ B, (b) AB, (c) [A,B], (d) A, () A%, (H) AT, (g) Tr(B), (h) det(B),

and (i) B™!. Check that BB™! = I. Does A have an inverse?

|
- ’ )

©) 1 to
2 U3
Arl=

3. (3-1) 4
_—___—_______————Ih

l’) (=2 o= (& 3143 (&40 +22)
im)); (9 +o+3) (b eo+) (Fu+odre)

(Y7 +0 +22) (O -1 +e) {2z +*o b )
1) -3 (iex) 3
Ny 9 [6-2%)
be {e-22) A
b) (-2 40 32 { 202D (2o -'tz)
Ba = ( orzvay (0r0 2D {0 +3 +8)

L“':’ G +"{65 ( ;I +0 “QL‘) ( =L +9 4y

.o o o©
PR o 3

(be3:y 3 =

— = - 32 33
[ART= A6 -DA 3 (1#3)
Z vl 9 (3-2¢)

(-6 k’};) (‘H‘*C’\ -~

?cl) -1 2 2
| A 1 © -2
T | .
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#8

xProblem A.25 Let
1 1~1 -
T= (1 +i 0 ) '

{a} Verify that T is hermitian,
{(b) Find its eigenvalues (note that they are real).
(¢) Find and normalize the eigenvectors (note that they are orthogonal).

Construct the unitary diagonalizing matrix 8, and check explicitly that it
diagonalizes T.

Check that det(T) and Tr(T) are the same for T as they are for its diagonal-
ized form,

: T+.—_ ’T‘*:(‘ I{S:T /TJ& LMH“H(‘M
o

P >

EC) (uln “?) (:)2 (:)

= &+ (t-Dp=22a =» 4=20-f
-}r'jﬁ=

~ 4
A+ \plr =t = ‘Z.\}M1‘+ pe = 3

ol S )

| = A=) = —d =y A = ‘{(l-w‘)F

! 2 e? * z
qllﬂ,l FIplT =) = %lﬁ\ =\ = ﬁ:E

[ ——

i ;{t:\é (c;f) )

-
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