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*+ Problem 2.52 The scattering matrix. The theory of scattering generalizes in
a pretty obvious way to arbitrary localized potentials (Figure 2.22). To the left
(Region I), V(x) :0, so

tG): Aeik + Be..ib, where k :- ry
To the right (Region III), V(x) is again zero, so

,b@):  Feib + Ge- ib.

[2.r73]

[2.r741

In between (Region II), of course, I can't tell you what ry' is until you specify the
potential, but because the Schrtidinger equation is a linear, second-order differential
equation, the general solution has got to be of the form

Ir(x) : Cf (x) + Ds@),

where /(x) and g(x) are two linearly independent particular solutions.48 There
will be four boundary conditions (two joining Regions I and II, and two joining

Aeikx

<-
Be-tkx

v(x) Feikx.-----.------->
-
G€*

Region I Region l l Region lll

FIGURE 2.22: Scattering from an arbitrary localized potential (V(r) = 0 except in
Region II); Problem 2.52.

Regions II and III). TWo of these can be used to eliminate C and D, and the other
two can be "solved" for B and F in terms of A and G:

B : SnA i SnG, F : SzrA -t SzzG.

The four coefficients &;, which depend on t (and hence on E), constitute a2x2
matrix S, called the scattering matrix (or S-matrix, for short). The S-matrix tells
you the outgoing amplitudes (8 and F) in terms of the incoming amplitudes (A
and G):

(i) : (!;l l;) (i)
In the typical case of scattering from t}te left, G : 0, so the reflection and trans-
mission coefficients are

*, :Wlo_o : rs,,r,, n :Wlo_o : rs,,r,.
For scattering from the right, A :0, and

^, :Wlo_o : tsrrtt, r, :Wlo_o : ts,rl '.
(a) Construct the S-matrix for scattering from a delta-function

t ion 2.114).

l2.r7s)

[2.176]

12.r77l

well (Equa-

(b) Construct the S-matrix for the finite square well (Equation 2.145).Ilint.' This
requires no new work, if you carefully exploit the symmetry of the problem.
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